When products are coupled to the same cycle, the joint replenishment model (JRM) is used to determine optimal inventory levels, where the amount to order (for each item) is designed to minimize the joint holding and ordering costs based on a given demand. JRM studies assume that there is no substitution between items. However, this assumption is unrealistic in some settings where substitution cannot be ignored. This paper combines the separate works on substitution and joint replenishment and proposes a solution procedure for solving the joint replenishment model with substitution (JRMS) for two products within the framework of the classical economic order quantity model. We determine the optimal order quantities for each product taking into consideration substitution between them so that demand is partially met and the total cost associated with the delivery, holding, and shortage of the products is minimized. We also provide an extensive scenario analysis and draw insights. In particular, we shed some light on the role of substitution in reducing the fixed cost. We show that JRMS can result in substantial cost savings compared to the ordinary JRM.
Introduction
Many companies order a group of items simultaneously, rather than individually. This is known as the joint replenishment model (JRM). The principle concept behind JRM is that several items are ordered from a single supplier; and several products share the same means of transportation [1] . JRM is used in multi-item inventory systems in order to improve on the total cost when ordering items individually. However, for joint replenishment to work, some kind of interaction or common property between items must exist. In JRM, this interaction is usually the fixed or setup cost. By coordinating the replenishment of several items, cost savings can be obtained by sharing the fixed setup cost (partially or completely) between the items. In many practical situations, it is desirable to jointly order and replenish items because they may share the same supplier or use the same truck for transportation [2, 3] . For this reason, the marginal cost of simultaneous orders is less than that of separate orders. In this paper, we consider a special type of JRM where two products are ordered jointly in each ordering cycle. The behavior of the inventory level over time is shown in Fig. 1 . Enough amounts of both products are jointly ordered such that they will be simultaneously depleted.
There is much renewed interest in new versions of the joint replenishment problem with relaxed assumptions [4] . However, none of these recent developments assume product substitution, where in the event that one product is stocked-out, some customers for this product may consider switching to other available products, which are jointly ordered. One product is a substitute for another only if it can be used in exactly the same way and serves the same need. For substitutes, an increase in the price of one of the products will increase the demand for the substitute product. There are situations when sub-stitution between products is allowed and beneficial. Supermarkets are an example where substitution is very common and frequently occurring (e.g., between different brands of soda, shampoo, or toothpaste).
The work on solving the JRM throughout the years has been extensive; however, in this paper, we will study the JRM with substitution (JRMS) to show that substitution may improve on the traditional JRM under certain conditions which we investigate in this paper. 1 The objective of this research is to show that substitution between products may save in the fixed ordering cost, which is independent of the number of items involved in the order, and the holding cost which depends on the number of items kept in inventory. The scenario analyses show that JRMS could result in substantial improvement in the total cost compared to the ordinary JRM.
In the next section we survey the relevant literature. In Section 3, we introduce our proposed model for joint replenishment with substitution. In Section 4, we propose a solution procedure for the model, followed by an illustrative numerical example in Section 5. In Section 5, we also discuss our analytical results using an extensive scenario analysis. Finally, we present a summary of the model and its contributions to the multi-item inventory literature, along with our concluding remarks in Section 6.
Literature review
This section describes inventory management models that take into consideration either substitutable products or joint replenishment, respectively. Examples of this literature include several relevant papers as discussed next.
Inventory models with substitutable products, where substitution occurs in the event of a product stock-out, have been widely studied in the literature. However, most works consider probabilistic demand, typically within a single-period setting (e.g. [5] [6] [7] [8] [9] 0. Recent related work ignores stock-out based substitution and considers assortment-and price-based substitution where substitution happens because of unavailable offering of some items in the assortment or pricing differences. These works typically integrate assortment or pricing decisions with inventory management (e.g. [10] [11] [12] [13] ). Maddah et al. [14] present a detailed review of this stream of research. The main difference between our model and this literature is that we consider a deterministic demand setting, with joint replenishment and multiple ordering periods in an economic order quantity (EOQ) type model. Our work is applicable to fast moving consumer goods; nondurable products that are sold quickly and at relatively low cost such as soft drinks, toiletries, and grocery items.
Limited work has been done on stock-out based substitution under deterministic demand within the EOQ model setting. Our paper is mostly related to these works. Drezner et al. [15] consider a two-product EOQ model with joint replenishment. They derive closed-form expressions for the optimal order quantities, and argue that it is not optimal to have full-substitution where the demand of one product is fully met by the other product. Gurnani and Drezner [16] extend the work of Drezner et al. [15] to the case of n > 2 products. A major assumption in the work of Drezner et al. [15] is one-to-one substitution among products, where unmet demand of one product is fully converted to the other. In this paper, we allow for the more practical situation of limited substitution, where a fraction of the demand of a product is substituted and the remainder demand is lost (and incurs a shortage cost). This is the typical case in retail. Incorporating this realistic limited substitution effect is the main contribution of this paper.
In the deterministic inventory literature, the joint replenishment problem (JRP) refers to coordinated replenishment of a group of items (in the same family or same category) that may be jointly ordered from a single supplier. The objective is to minimize the total associated costs (i.e. fixed and holding costs) by choosing an appropriate common replenishment frequency and lot-sizes for the family of items. The topic has produced a wide variety of mathematical models and solution algorithms as detailed in a recent literature review by Khouja and Goyal [4] . More recent works include Porras and Dekker [17] , Hong and Kim [18] , Zhang et al. [19] , and Schulz and Telha [20] . Zhang et al. [19] , for example, have developed a twoitem deterministic EOQ model with partial backordering taking in consideration a customer-driven substitution between a superior item and an inferior item. For a detailed treatment of several optimal deterministic models the readers are referred to the works of Goyal [21] , Van Eijs [2] , Viswanathan [22] , and Fung and Ma [23] .
Heuristics to solve the JRP were also discussed in the literature. The common feature of most heuristics presented in literature is the iterative way for obtaining a solution. Given a time interval for the joint replenishments, optimal order frequencies are determined. This step is repeated until the solution converges [24] . In this paper, we present an exact procedure that derives the optimal solution for the JRP including the effect of substitution between these items.
Although the research on the basic JRP may have reached a saturation point, the research on JRP extensions are still receiving increased attention [4] . These extensions mostly deal with constrained versions of the JRP such as storage, transport capacities, and other resource constraints (e.g., [25] [26] [27] ). For example, Siajadi et al. [3] extend the concept of JRP to cover the problem of optimizing the inventory of produced item as well as the inventory of required raw materials. They also include the effect of imperfect quality (i.e. defective items) in their model formulation. Another study by Cha and Moon [28] considers joint replenishment policies with quantity discounts under constant demand. Khouja et al. [29] solve the JRP under the assumption that product's unit cost is decreasing or increasing in a continuous fashion over time in a finite horizon. Along similar lines, this paper introduces yet another important extension to the basic JRP, which is the effect of product substitution.
Proposed model
Consider an inventory system where two products P 1 and P 2 , having ordering quantities y 1 and y 2 and consumption rates D 1 and D 2 , respectively, are being partially substituted when one runs out of stock. If P 1 is totally consumed, then a proportion of customers will buy P 2 , and vice versa. Let c 1 be the percentage of the demand of P 1 that will be substituted by P 2 , and similarly c 2 the percentage of the demand of P 2 that will be substituted by P 1 . In addition, P 1 and P 2 are ordered jointly in every ordering cycle.
In order to derive the total cost equations, two scenarios are possible depending on the cycle times without substitution for products 1 and 2, t 1 and t 2 , respectively. That is, when t 1 < t 2 and when t 1 > t 2 as shown in Figs. 2 and 3, respectively. Table 1 describes the notations used in Figs. 2 and 3.
In the first scenario (when t 1 < t 2 as shown in Fig. 2 ), P 1 is depleted faster than P 2 . Thus substitution occurs for P 1 by P 2 and the demand for P 1 (after depletion of y 1 ) is partially fulfilled, at the rate c 1 D 1 , from leftover P 2 inventory. Unmet demand for P 1, at the rate of (1 À c 1 )D 1 is assumed to be lost, which is typically the case for the retail context we have in mind. In the second scenario (when t 1 > t 2 as shown in Fig. 3 ), P 2 is depleted faster than P 1 . Thus substitution occurs for P 2 by P 1 and the demand for P 2 (after depletion of y 2 ) is partially fulfilled, at the rate c 2 D 2 , from leftover P 1 inventory.
We define TCU 1 (y 1 ,y 2 ) as the total cost per unit of products 1 and 2 in the first case (where t 1 < t 2 ) and TCU 2 (y 1 ,y 2 ) as the total cost per unit of products 1 and 2 in the second case (where t 1 > t 2 ). Table 2 describes the notations used in the subsequent equations used to derive these costs.
In the first case (where t 1 < t 2 ), as shown in Fig. 2 , the cost of product 1 per ordering cycle is composed of fixed ordering and holding costs. That is,
In addition, the cost of product 2 per ordering cycle is composed of fixed ordering, holding, and shortage costs. Noting that the inventory level of product 2 when product 1 runs out of stock is w ¼ y 2 À D 2 t 1 ¼
and that the stock-out time of
, the total cost per ordering cycle of product 2 is Finally, the total cost of products 1 and 2 per ordering cycle in case 1 is the sum of the total costs of products 1 and 2,
The total cost per unit time in case 1, TCU 1 ðy 1 ; y 2 Þ; is obtained by dividing TC 1 ðy 1 ; y 2 Þ by the ordering cycle duration t
Similarly, the total cost per unit time in the second case (where t 1 > t 2 ) is obtained as shown in Eq. (5).
4. Solution procedure
The derived equations for the total cost will be used to determine the optimal ordering policy, the ordering quantities of each product, the replenishment intervals, and the minimum total cost. Á Á Á @f ðxÞ @x n . We use this property to show next that the total cost is pseudoconvex under reasonable conditions; this means that a unique optimal solution can be found. 2 The following theorems give pseudoconvexity results for both cases, t 1 < t 2 and t 1 > t 2 .
Theorem 1. The total cost TCU 1 ðy 1 ; y 2 Þ is pseudoconvex if h 1 P h 2 c 1 .
Proof. See Appendix A. h Theorem 2. The total cost TCU 2 ðy 1 ; y 2 Þ; is pseudoconvex if h 2 P h 1 c 2 .
Proof. See Appendix A. h
The conditions are not very restrictive. Typically, substitutable products have close unit costs. In fact, many papers in the operations management and marketing literature assume equal unit costs for substitutable products in a category, e.g. [31] [32] [33] 13] . This implies that h 1 % h 2 , since a major part of the holding cost is the financing charge, which is proportional to the unit cost.
The pseudoconvexity of the cost functions TCU 1 ðy 1 ; y 2 Þ and TCU 2 ðy 1 ; y 2 Þ implies that an optimal ordering policy can be found by the following algorithm.
Step 1: Solve the constrained optimization problem min y 1 ;y 2
Subject to
Let ðy Ã 11 , y Ã 21 ) be an optimal solution for this problem.
Step 2: Solve the constrained optimization problem min y 1 ;y 2 TCU 2 ðy 1 ; y 2 Þ:
Let ðy Ã 21 , y Ã 22 ) be an optimal solution for this problem. 2 A precise definition of a real-valued pseudoconvex function f, R ? R n , defined on a domain S is as follows. For each x 1 and x 2 2 S with rf(x 1 )(x 2 À x 1 ) P 0 we have f(x 2 ) P f(x 1 ), e.g., Bazaraa et al. [30] .
Step 3: If TCU 1 ðy The pseudoconcavity of the objective functions and the linearity of the constraints for the optimization problems in Steps 1 and 2 of the above algorithm guarantee that an optimal solution can be found with any search techniques for these problems. Our trials with Excel solver, discussed in the next section, confirm this.
Numerical example and results
In this section, we develop numerical results which illustrate the application of the proposed model. Consider a situation with two products whose demand rates, holding costs, setup costs, percentages of substitution, and shortage costs are known, as shown in Table 3 .
First, we solve both optimization problems in Steps 1 and 2 of the algorithm in Section 4 using Excel solver. We obtain y Step 2 is the same as that of JRM.) Consequently, the cost savings (improvement) between joint replenishment with substitution and joint replenishment without substitution is $119, thus around 23% improvement.
In the real world, decision environments rarely remain static; therefore the parameters of the model change. So, we next evaluate the impact of increasing the fixed setup cost of one of the products on the total cost. Note that the setup cost includes the transportation cost and purchase transaction cost, the cost of company's facilities, and the maintenance cost of the computer system used to process purchase orders. Table 4 shows the optimal solution for our JRMS model and the base JRM model, as well as the improvement brought by JRMS when the fixed cost of product 1, k 1 , is increased, while holding other parameters at their base values in Table 3 . Fig. 4 presents a graphical illustration of the results in Table 4 . Table 4 and Fig. 4 show that the percentage improvement of JRMS over JRM increases as the setup cost, k 1 , increases, reaching 24% for k 1 = 400. The rationale behind this result is that substitution allows ordering less frequently via longer cycles experiencing shortage at their end, which allows savings in the ordering cost. Moreover, we consider three cases: low setup costs (k 1 = k 2 = $50), medium setup costs (k 1 = k 2 = $250) and high setup costs (k 1 = k 2 = $500). We notice that more substitution occurs from P 1 to P 2 as the setup costs of both products increases. This leads to more improvement compared to the ordinary JRM. Table 5 and Fig. 5 show similar analysis to that in Table 4 and Fig. 4 , but with the holding cost, h 1 , of product 1 increased instead of its ordering cost. As it is shown in Table 5 and Fig. 5 , JRMS offers significant improvement over JRM as h 1 increases, reaching 35% for h 1 = 8. The rationale behind this is that substitution allows carrying less inventory of the costly product 1, by allowing its demand to be partially met from the inventory of product 2. This is confirmed by noting, in Table 5 , that product 1 has a much lower order quantity in JRMS than that in JRM, and the opposite for product 2. Regarding the shortage cost analysis, shown in Table 6 , we notice that when the shortage cost of product 1 is small, i.e. between 1 and 5.5, JRMS leads to a total cost less than that of JRM. This is intuitive. A high shortage cost makes substitution too costly and the retailer is better off doing replenishment without having substitution via the classical JRM approach. Another analysis we carried out, in Table 7 , is increasing the percentage of substitution. Table 7 reveals a somewhat surprising observation. Increasing the substitution percentage from product 1 to product 2, leads to a decrease in percent improvement of JRMS over JRM. This is due to fact that it is better to have lost sales in this case (as the shortage cost of product 1 is low). However, when uncontrolled substitution happens, it will increase the total cost.
Moreover, we examined the effect of changing the demand of product 1. We noticed that as the demand increases, the substitution time decreases and more substitution occurs from P 1 to P 2 to satisfy the additional demand of P 1 .
Summary and conclusion
In this paper, we focus on fast moving consumer goods that have a relatively deterministic demand, are sold quickly, and at a relatively low cost, such as toiletries, and grocery items. In this environment, we address an important situation in which it is reasonable to substitute between products, and following the traditional joint replenishment model (JRM) may lead to the risk of misestimating the inventory cost. In particular, we shed some light on the role of substitution in reducing the fixed cost by showing that a JRM with substitution can result in substantial cost savings compared to the traditional JRM.
The paper makes two contributions that are different from the traditional JRM. The first is that the unmet demand for one item can be partially substituted by the second item until the next replenishment. The second is that we show that substitution between products may save in the fixed ordering cost, which is independent of the number of items involved in the order, and the holding cost which depends on the number of items kept in inventory.
The proposed resultant model and solution procedure for determining the best ordering policy is easy to understand and implement. We first derive the total cost expressions and prove that they are pseudoconvex. Then, we propose a solution procedure to solve the problem optimally. Scenario analysis shows that JRMS could result in substantial improvement in the total cost compared to the ordinary JRM since it saves in the fixed cost and holding costs. It is mostly profitable when the fixed cost of one product is high, since it allows ordering less frequently, and when the holding cost is high, since it allows lower inventory levels.
As our present model deals with only two products, future extensions could include multi-item substitution using more than n-items, where n P 3. The key challenge here is to orchestrate the substitution decisions of the various products. In particular, one needs to determine the most efficient sequence of stock-out times of the n products. This can be a complex task as a large number of sequences (n!) are possible.
Another interesting extension to this base model might be a joint replenishment model with substitution over multiple cycles, where the two products may not have the same ordering frequency. That is, one product could be ordered many times before the other is ordered, and substitution could occur in the interim. It is worth noting that the base JRM model in this case, without substitution, and with different ordering frequencies, is extensively studied in the literature (e.g., [1] In the following, we show that g TCU 1 ðy 1 ; y 2 Þ is convex. Then, a result in Avriel [34] , stating that the ratio of a positive convex function over a linear function is pseudonconvex, completes the proof.
To show that g 
In addition,
